N-soliton solution of a lattice equation related to the discrete MKdV equation  by Narita, Kazuaki
J. Math. Anal. Appl. 381 (2011) 963–965Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Note
N-soliton solution of a lattice equation related to the discrete MKdV
equation
Kazuaki Narita
B1010 CI Heights, 1-31 Yamada-Nishi, Suita-Shi, Osaka 565-0824, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 2 January 2011
Available online 24 February 2011
Submitted by Steven G. Krantz
Keywords:
Discrete MKdV equation
N-soliton solution
We present an N-soliton solution of a lattice equation related to the discrete MKdV
equation under an arbitrary boundary value at inﬁnity.
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In the preceding paper [1], we have proposed a system of lattice equations related to the self-dual network equations,
and presented its solutions.
In this note, we present a new solution of a lattice equation modifying Eqs. (123) and (124) in [1], i.e.,
v˙n = 4(vn−1 − vn+1)v2n/(1+ vn−1vn)(1+ vnvn+1). (1)
Using the real discrete Miura transformation
un = (1− vnvn+1)/(1+ vnvn+1), (2)
we ﬁnd that (1) is transformed to the discrete MKdV equation [2]
u˙n = (un−1 − un+1)
(
1− u2n
)
. (3)
To ﬁnd a new solution of (1), we assume that vn is expressed with rn as
vn = v∞ · rn/rn−1. (4)
It is also assumed that rn in (4) satisﬁes the equation
r˙n/rn =
[
4v2∞/
(
1+ v2∞
)]
(rn−1 − rn+1)/
(
rn−1 + v2∞rn+1
)
, (5)
which uses v∞ to represent a boundary value of vn at inﬁnity.
Using (4), we can rewrite (5) as
r˙n/rn =
[
4/
(
1+ v2∞
)][
v2∞(1− rn+1/rn−1)/
(
1+ v2∞rn+1/rn−1
)+ 1]+ const (6)
= 4/(1+ vnvn+1) + const. (7)
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To ﬁnd a solution of (5), we assume that rn is expressed as
rn = Gn/Fn. (8)
Substituting (8) into (4) and (5), we ﬁnd an expression of vn given as
vn = v∞ · Fn−1Gn/Gn−1Fn, (9)
and simultaneously two bilinear equations for Fn and Gn given as
{
Dt +
[
8v2∞/
(
1+ v2∞
)2]
sinh Dn
}
Fn · Gn = 0, (10)
and
[(
1+ v2∞
)
cosh Dn +
(
1− v2∞
)
sinh Dn
]
Fn · Gn =
(
1+ v2∞
)
FnGn. (11)
Eqs. (10) and (11) are found to coincide with (3.1)–(3.4) in [2] through the replacements n → n/2, t → [4v2∞/(1+ v2∞)2]t ,
fn, gn → Fn , f ′n, g′n → Gn , α → 1, β1, β2 → −(1− v2∞)/(1+ v2∞).
Furthermore, by making the new replacements ηi → xi/2, Ωi → [(1+ v2∞)2/8v2∞]ωi , Pi → −κi , η0i → −δi/2, φi,ψi → Φi ,
φ′i ,ψ
′
i → Ψi , i → 1 in (4.1)–(4.5) in [2], we can prove that (1) exhibits the following N-soliton solution:
Fn =
∑
μ=0,1
exp
[
N∑
i=1
μi(xi + Φi) +
N∑
i< j
Ai jμiμ j
]
, (12)
Gn =
∑
μ=0,1
exp
[
N∑
i=1
μi(xi + Ψi) +
N∑
i< j
Ai jμiμ j
]
, (13)
in which we have
xi = κin + ωit + δi, (14)
ωi = −
[
8v2∞/
(
1+ v2∞
)2]
sinhκi, (15)
expΦi =
(
1+ eκi )(v2∞ − e−κi )/(v2∞ + 1), (16)
expΨi =
(
1+ e−κi )(v2∞ − eκi )/(v2∞ + 1), (17)
exp Aij =
{
sinh
[
(κi − κ j)/2
]
/ sinh
[
(κi + κ j)/2
]}2
. (18)
Substituting (12)–(18) into (9), we obtain an N-soliton solution of (1).
Lastly, assuming N = 1 in (12)–(17), we obtain the following 1-soliton solution for vn:
vm = v∞
[
1− 2(1+ v
2∞) sinh2(κ1/2)
(1− 2v2∞ coshκ1 + v4∞)1/2 cosh x′1 + v2∞ coshκ1 − 1
]
, (19)
in which
x′1 = x1 + (Φ1 + Ψ1 − κ1)/2, (20)
and
ω1 = −
[
8v2∞/
(
1+ v2∞
)2]
sinhκ1, (21)
where κ1 must satisfy the inequality
min
(
v2∞,1/v2∞
)
< e|κ1| < max
(
v2∞,1/v2∞
)
. (22)
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